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We analyze the efficacy of multiqubit W-type states as resources for quantum information. For this, we 
identify and generalize four-qubit W-type states. Our results show that the states can be used as resources for 
deterministic quantum information processing. The utility of results, however, is limited by the availability of 
experimental setups to perform and distinguish multiqubit measurements. We, therefore, emphasize on another 
protocol where two users want to establish an optimal bipartite entanglement using the partially entangled W- 
type states. We found that for such practical purposes, four-qubit W states can be a better resource in comparison 
to three-qubit W-type states. For dense coding protocol, our states can be used deterministically to send two bits 
of classical message by locally manipulating a single qubit. 

PACS numbers: 03.67.-a, 03.67 Hk, 03.65.Bz 


I. INTRODUCTION 


Quantum entanglement d plays a key role in many po¬ 
tential applications in quantum information and computation 
(30. The optimal success of a quantum communication pro¬ 
tocol can be ascertained by use of maximally entangled states 
as resources for information transfer. However, in general, 
the use of nonmaximally entangled resources leads to prob¬ 
abilistic protocols and the fidelity of information transfer is 
always less than unity. For example, quantum teleportation 
of a single qubit using a three and four-qubit W state is al¬ 
ways probabilistic and teleportation fidelity depends on the 
unknown parameter of the teleported state. On the other hand, 
Agrawal and Pati HU proposed a new class of three-qubit W- 
type states for deterministic teleportation of a single qubit by 
performing three-qubit joint measurements. The efficiency of 
these W-type states, however, decreases if one performs stan¬ 
dard two-qubit and single qubit measurements onlyO instead 
of performing a joint three-qubit measurement. We address 
the question of usefulness of such non-maximally entangled 
resources for sending maximum information from a sender to 
a receiver. 

We propose a new class of non-maximally entangled four- 
qubit W-type states for quantum information processing and 
demonstrate the possibility of deterministic teleportation of a 
single qubit with unit fidelity. For practical purposes, we em¬ 
phasize on a protocol to share optimal bipartite entanglement. 
For this, we use partially entangled four-qubit W-type states 
as a starting resource between the two users and achieve the 
optimal bipartite entanglement by performing standard two- 
qubit measurements only. Our results show that the shared 
two qubit entanglement can lead to a maximally entangled re¬ 
source for certain state parameters. We further demonstrate 
the need to analyze four-qubit W-type states by comparing the 
efficacy of three and four qubit W-type states as resources in 
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terms of concurrence (3 of the finally shared entangled state 
between the two users. Interestingly, our results show that 
for certain ranges of parameters, four qubit W-type states are 
more efficient resources in comparison to three qubit W-type 
states for achieving optimal concurrence. 

For dense coding, we found that in principle a sender can 
transmit 2-bit classical message to a receiver by locally ma¬ 
nipulating his/her single qubit. The teleportation and dense 
coding protocols are also generalized for N-qubit W-type 
states. 


II. TELPORTATION USING 4-PARTICLE W-TYPE STATE 


Teleportation is a process to transmit quantum information 
over arbitrary distances using a shared entangled resource. 
Although non-maximally entangled four-qubit W states can 
be used as resources for probabilistic teleportation of a single 
qubit Co), one cannot achieve teleportation of a single qubit 
using W states with certainty. We propose a new class of four 
qubit W states, namely 
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that can be used for deterministic quantum teleportation. For 
example, if Alice wants to teleport an unknown state |/>)q = 
[a |0) + /3 |1)]^ , = 1 to Bob, then Alice and Bob 

need to share the four qubit state |^/c)i 234 such that Alice has 
qubits 1, 2 and 3 and Bob has qubit 4. In Eq. (1), /c is a real 
number and 7, C represent phases. 

The joint state of five qubits can be represented as 


I^)al234 ~ \^)a ^ I^^)l234 


In order to teleport the unknown state to Bob, Alice projects 
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her four qubits on the states 


by Alice are 
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Although the teleportation protocol works for all k, 7, S and 
for simplicity we assume k = 1 and ^ = 6 = ( = 0. Thus, 
the joint state of five qubits can be re-expressed using Alice’s 
measurement basis as 


I^)al234 
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where 1^)4 = [a |0) -h [3 | 1)]4 , = 1. 

A four-qubit joint measurement on qubits a, 1, 2 and 3 will 
project the state of Bob’s qubit onto one of the four possible 
states as shown in Eq. (4) with the equal probability of 1/4. 

Hence, teleportation of a single qubit using non maximally 
entangled four qubit W state is always successful. The use of 
proposed states as quantum channels also provides fiexibility 
to the experimental set-ups by relaxing the requirement of a 
maximally entangled shared resource for a faithful teleporta¬ 
tion. Since the teleportation is deterministic, the total proba¬ 
bility and fidelity of teleporting a single qubit using a partially 
entangled four-qubit W state is also unity. 


III. TELEPORTATION USING W-TYPE STATE OF 
N-PARTICLE SYSTEM 
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Similar to the teleportation protocol discussed in the previous 
section, we can express the joint state of n + 1 particles in 
terms of Alice’s projection bases as 
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In the previous section, we have successfully demonstrated 
the efficient quantum teleportation of a single qubit state using 
a new class of four-qubit W-type state. We now extend our 
idea to n-particle W-type states. 

In order to teleport the single qubit state |0)^ to Bob, Alice 
needs to share a n-particle state 

l«'fc>12..n 

y[n — 2){2k + n — 3) -f 2 

+ | 010 ...n);^ 2 ..n + V^r+Te*"^ | 001 ...n)^ 2 ..n 

+ ..VA: + (n-3)e*^ |000...10)i2.,„ 

+ y(„ _ 2)4 + 

|000...1)i2„J (5) 

with Bob such that particles 1 to n — 1 are with Alice and 
particle n is with Bob. In this case, the projection bases used 


Where |0)„ = [a |0) + p |1)]„ ,a‘^+p‘^ = l. 

Eq. ( 8 ) clearly shows that the teleportation protocol is always 
successful with equal probability of 1/4 for the four different 
measurement outcomes of Alice. Therefore, Bob can always 
recover the original state by performing single qubit unitary 
transformations on the state of his qubit, once he receives the 
two bit classical message from Alice regarding her measure¬ 
ment outcome. 


IV. ANALYSIS OF THE EFFICIENCY OF W-TYPE STATES 
IN TELEPORTATION PROCESS 

We have shown that the N-particle W-type state can be suc¬ 
cessfully used as an optimal resource for efficient teleporta¬ 
tion. The successful completion of teleportation protocol de¬ 
pends on the availability of experimental set up to perform 
and distinguish multiqubit measurements. It is evident that 
with the present experimental techniques, one can perform 
and distinguish different Bell measurements. Therefore, we 
analyze the efficacy of our states for a protocol where two 
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users want to create an efficient bi-partite entangled channel 
between them using the partially entangled four qubit W state 
I1234. For this, we assume that Alice initially has a two- 
qubit entangled state 10)^^ = [a |00) P = 

1 in addition to the shared W-type entangled state 
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analysis presented here not only allows the users to 
create maximum entanglement but also releases the 
constraints on the experimental set up to perform and 
distinguish multiqubit measurements. The price one 
pays to achieve the maximum entanglement are two 
standard Bell measurements. Nevertheless, once the 
users achieve maximum entanglement, the state can be 
used for various efficient and optimal applications in 
quantum information and computation. 


with Bob such that qubits 1 , 2 and 3 are with Alice and qubit 
4 is with Bob. In order to share a bi-partite entanglement with 
Bob, Alice needs to perform Bell measurements 


• Case:2 In the second case, Alice’s measurement outcomes 
are 10^)52 Hence the shared bipartite state 

and concurrence of this state can be given by 


= ^[| 00 )±| 11 )], 

|^)± = ^[|01)±|10)] (10) 

on her qubits. There are different combinations in which Alice 
can perform these Bell measurements to achieve the required 
two qubit entanglement. We have examined all possible com¬ 
binations and measurement outcomes, and here we will dis¬ 
cuss only three optimal cases where the concurrence of finally 
shared two-qubit entangled state is optimal and efficient. We 
now proceed to analyze the efficacy of the protocol in terms 
of the concurrence of the final entangled state. 

• Case:l In the first case, Alice’s measurement outcomes are 
10 +)^^ and 10^)23- Therefore, the joint state of two 
qubits shared between Alice and Bob can be repre¬ 
sented as 
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The concurrence of is 


^( 1 ) _ 2ay/l- a^y/2k + 2 
“ (2fc + l)a2 + l 

Where subscript of C represents number of qubit and 
superscript represent different cases. 

Eq. ( 12 ) clearly demonstrates that for any given real 
positive number k, if \a\‘^ is varied from 0 to 1 then 
concurrence first increases and then decreases to a 
minimum value. Interestingly, for concur¬ 

rence of the shared entangled state is unity i.e. Alice 
and Bob can share a maximally entangled state. It is a 
interesting result since Alice and Bob initially started 
in a partially entangled state but by performing Bell 
state measurements they created a bi-partite maximum 
entanglement between them. The finally shared state, 
thus, can be used for various information processing 
protocols. This can be really useful in scenarios where 
the users in a communication protocol only have access 
to partially entangled multiqubit states. Further, the 
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respectively. Similar to the first case discussed above, 
the concurrence of the shared state first increases; 
attains the maximum value and then decreases to 0 
for any k and 0 < a < 1 . Further, for 
concurrence of the shared state is unity. 


• Case:3 The third case provides another interesting observa¬ 
tion that for Alice’s measurement outcomes are 10^)53 
and 10+) ^2’ the concurrence of shared bipartite state is 
independent of the parameter k. In this scenario, the 
shared bipartite state and its concurrence is represented 
as 
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respectively. The concurrence given in Eq. ( 16 ) attains 
its maximum value i.e. unity for ^. 


• Case:4 The fourth case i.e. when Alice’s measurement out¬ 
comes are 10+)^! and |0+)52’ ^t^o provides another 
interesting observation such that the concurrence of 
shared bipartite state is independent of the parameter 
k and a. In this scenario, the shared bipartite state and 
its concurrence is represented as 
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and 


Cl‘> = (18) 

respectively. The concurrence given in Eq. (18) does 
not depend on the input state. 


Fig. (1) compares the first three cases above to analyze the 
efficacy of shared bipartite state in terms of concurrence. For 
k = 1, concurrence for cases 1 and 2 are same. For large 
k, case 2 and case 3 lead to identical results. Moreover, Fig. 
(1) also shows a relation between a and combination of Bell 
measurements to be performed to achieve the optimal concur¬ 
rence. 

A similar calculation for a shared N qubit partially 
entangled state shows that the concurrence of final states, 
dependent on input parameters, are 


2al3VkT^^J{N - 2)fc + 

{{N — 2)k -h 


three qubit W-type states for achieving optimal concurrence 
shared between two users. For this, let us first give the form 
of three qubit W-type states as 
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Similar to the four-qubit case, there are optimal cases for 
which the concurrences of finally shared states can be given 
as 


( 1 ) ^ 2a^/{l-a2)Vk^ 
^ {k)a^ + 1 


and 
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In above two cases the optimal concurrence of finally shared 
entangled states is dependent on input state. But similar to 
four-qubit case, there is a one optimal case in which concur¬ 
rence of finally shared state is independent on input state. 


where r is a variable and varies from 0 to (A^ — 3). Eq. (19) 
clearly depicts that for r = (1 — /c), it is clear that the en¬ 
tanglement of the final state shared between Alice and Bob 
depends on the input state parameters a and k. For /c -> oo, 
the concurrence is given by 


2a^/l^^y/W^ 
{N - 3)a2 + 1 


( 20 ) 


Hence, for a given range of a, if k is very large then the W- 
type state with smaller number of particle is a better resource. 
Similarly the concurrence of final states, independent of input 
parameters, are 


2VkT^J{N - 2)k + + 1 

n — _v^__^f_ n 1 ^ 

((Ar-i)fc+ (^-W) +i + ,) ’ 

where r is a variable and varies from 0 to (A^ — 3). It is evident 
from Eq. (21) that for r = {1 — k), entanglement of the final 
state shared between Alice and Bob depends only on k. For 
/c -> oo, the concurrence is given by 




( 22 ) 


Hence, if k is very large then the W-type state with smaller 
number of particle is a better resource. 

In order to analyze the usefulness of four qubit W-type states 
for such a protocol, we further compare the efficacy of three 
and four-qubit W-type states as resources in terms of concur¬ 
rence of the finally shared entangled state. We found an inter¬ 
esting observation that for certain range of a, the four qubit 
W-type states are more efficient resources in comparison to 


^3 2y/k -|- 1 
=* ^ (fc + 2) 
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respectively. Fig. (2) clearly demonstrates the comparison 
between the efficiencies of three and four-qubit W states in 
terms of concurrence of shared bipartite state. Depending on 
the value of parameter k, we identify four different cases; 

Case 1: For k = lif 0 < a‘^ < then 4-particle 

((/c-K2j —V2) 

W-type state is a better resource in comparison to 3-particle 
W-type state else vice-verse. 

Case 2: For k = 2 

• Range:l IfO < < (2-^fc+i then 4-particle W-type 

state is a better resource in comparison to 3-particle W- 
type state. 

W-type state is a better resource in comparison to 4- 
particle W-type state. 

• Range:3 If then 4- 

^ kV2-Vk-\-l — ^/k^/k-\-l-V2 

particle W-type state is a better resource in comparison 
to 3-particle W-type state. 

• Range:4 If < a‘^ < I then 3-particle W-type 

state is a better resource in comparison to 4-particle W- 
type state. 

Case 3: For k > 2 

• Rangeil IfO < then 4-particle W-type 

state is a better resource in comparison to 3-particle W- 
type state. 
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Ic: Comparison of elficacy of shared bipartite states for N=10 


Id: Comparison of etficacy of shared bipartite states for N=100 


FIG. 1: Comparison of efficacy of shared bipartite states in three optimal cases 


. Range:! If < 7 =^^^ then 3-particle 

W-type state is a better resource in comparison to 4- 
particle W-type state. 


• Range:3 If 




< < 


then 4- 


\/^-(/c + 2) ^ ^ — y^^X+T-(/c + 2) 

particle W-type state is a better resource in comparison 
to 3-particle W-type state. 


• Range:4 If 


_ < then 4- 

v^x/FPT-(/c+2) ^ ^ ^ VkVj^-V2 ^ 

particle W-type state is a better resource in comparison 
to 3-particle W-type state. 


• Range:5 If < 1 then 3-particle W-type 

State is a better resource in comparison to 4-particle W- 
type state. 

Case 4: When k is very large 

• Range:l IfO < then 4-particle W-type 

state is a better resource in comparison to 3-particle W- 
type state. 


. Range:! If < 7 =fp^ then 3-particle 

W-type state is a better resource in comparison to 4- 
particle W-type state. 


• Range:3 If 4. 

^ \/^-(/c+2) — \/fcx/fe+T-\/2 

particle W-type state is a better resource in comparison 
to 3-particle W-type state. 


• Range:4 If < a‘^ < I then 3-particle W-type 

state is a better resource in comparison to 4-particle W- 
type state. 


Hence, for practical implementation of an efficient bipar¬ 
tite state sharing protocol one can choose W-type states as re¬ 
sources according to the range of parameters a and k. 
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states for N=1 states for N=2 




states for N=3 states for N=10 


FIG. 2: Comparison of the efficiency of three and four-qubit W-type states as resources 


V. SUPERDENSE CODING USING W-TYPE STATES OF Alice and Bob to four otrhogonal states 
N-PARTICLE SYSTEM 


Superdense coding deals with efficient information transfer 
between the users in a communication protocol using a shared 
entangled resource. We use 


I^i)m4 = ^ [|0100) + 10010) 

+ \/2 10001 )+ 2 11000 ) 
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as a shared resource for superdense coding protocol between 
Alice and Bob such that the first qubit is with Alice and rest of 
the qubits are with Bob. In order to communicate the classical 
message to Bob, Alice first encodes her message using one of 
the four single qubit operations I^cFx^cFy^cFz on her qubit 1. 
The four operations map the originally shared state between 


{(Jx® I ® I ® I) Im)f234 
{ffz ® I ® I ® I) Im)f234 
(iay 0 7 0 7 0 J) |??i))*234 
( 7070707 ) |? 7 i ) i 234 


I^i)i234 

I''?! ) 1234 

I^i)i234 

hi)m4 (28) 


Thus, in principle, Alice can prepare four distinct messages 
for Bob by locally manipulating her qubit. Once Alice en¬ 
codes the message, she sends her qubit to Bob. In order to 
distinguish between the messages sent by Alice, Bob can al¬ 
ways perform an appropriate joint measurement on the state 
of four qubits. Hence, Bob will always be able to distinguish 
between the four messages produced by Alice. The protocol 
is optimal as by locally manipulating her one qubit, Alice can 
transmit two bits of classical message to Bob. 

We now proceed to demonstrate optimal dense coding pro- 
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tocol using our A^—particle W-type state 


optimal super dense coding protocol. 


, ^ [|oio...Ar) 
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where qubit 1 is with Alice and rest of the qubits are with 
Bob. Similar to the four particle case, Alice can produce four 
distinct messages for Bob using single qubit unitary transfor¬ 
mations I^cFxyCFy^cFz such that 

(I 0 I 0 I 0 I) \r]k)i2...N ~ \'^k)i2...N 

{(Tx ^ I ^ I ^ I) \Vk) 12...N ~ l^^)l2...Ar 

(cr^; 0 7 0 7 0 7) |^/c)i2...Ar ~ l^^)i2...Ar 

{iCFy 0 7 0 7 0 7) \vk) 12...N ~ l^^)l2...Ar (^0) 

Therefore our A^-particle W-type state can also be used for 


VI. CONCLUSION 


We have analyzed a class of partially entangled four-qubit 
W-type states for efficient quantum information processing 
tasks. Although performing and distinguishing multiqubit 
measurements is an uphill task, nevertheless, our states can 
be used for deterministic teleportation with unit fidelity. In 
order to demonstrate the practical utility of such states, we 
have discussed and compared the efficiency of three and four 
qubit W-type states for sharing optimal bipartite entanglement 
between two users. Our results will be of high importance in 
situations where users only have access to partially entangled 
states and would like to establish optimal bipartite entangle¬ 
ment for efficient and deterministic information processing. 

The analytical relations between the range of state param¬ 
eters, and optimal concurrence of the finally shared state is 
also obtained allowing one to decide when to use a three or 
four qubit W-type states for a particular protocol. We have 
also shown that our states can be used for optimal dense cod¬ 
ing as well. The protocols have also been generalized for the 
case of N qubits. 
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